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Abstract. In this paper, the partially party-time (PT ) symmetric nonlocal Davey-Stewartson
(DS) equations with respect to x is called x-nonlocal DS equations, while a fully PT symmetric
nonlocal DSII equation is called nonlocal DSII equation. Three kinds of solutions, namely
breather, rational and semi-rational solutions for these nonlocal DS equations are derived by
employing the bilinear method. For the x-nonlocal DS equations, the usual (2+1)-dimensional
breathers are periodic in x direction and localized in y direction. Nonsingular rational solutions
are lumps, and semi-rational solutions are composed of lumps, breathers and periodic line
waves. For the nonlocal DSII equation, line breathers are periodic in both x and y directions
with parallels in profile, but localized in time. Nonsingular rational solutions are (2 + 1)-
dimensional line rogue waves, which arise from a constant background and disappear into the
same constant background, and this process only lasts for a short period of time. Semi-rational
solutions describe interactions of line rogue waves and periodic line waves.
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1. Introduction
Physical systems exhibiting PT -symmetry is an important subject of intense investigations in
the past few years [1–5]. In general, the name of PT -symmetry was derived based on the works
of Bender and Boettcher [1, 5], who pointed out that in quantum mechanics a wide class of
non-Hermitain but PT -symmetry Hamiltonians can possess entirely real spectra as long as the
PT symmetry is not spontaneously broken. This concept has since been applied to optics [6,7],
Bose-Einstein condensation [8], electric circuits [9], mechanical systems [10], magnetics [11] and
other settings. Basically, the non-Hermitian Hamiltonian H = P̂ 2/2 + V (x) is PT symmetric
when it satisfies the condition V (x) = V ∗(−x), where P̂ denotes the momentum operator and
V (x) is the complex potential [1,5]. Recently, the concept of PT symmetry in multidimensions
has been generalized to include partial-parity-time symmetry, and it is shown that partial-
parity-time-symmetric systems share most of the properties of PT systems [12]. Besides, the
partially PT symmetry has been shown possible interesting applications in optics [12–18]. Thus
more researches about partially PT symmetry are also inevitable and worthwhile, such as the
integrable models and nonlinear waves in this system.
∗ Corresponding author: hejingsong@nbu.edu.cn, jshe@ustc.edu.cn.
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In [19] Fokas, and in [20] Ablowitz and Musslimani, introduced the following nonlocal DS
equation
iAt = Axx + γ
2Ayy + (V − 2Q)A,
Qxx − γ2Qyy = (V )xx,  = ±1 ,
(1)
where γ2 = ±1, A and Q are two functions of x, y, t. With different definition of the potential
V , this equation can be classified into two types of nonlocal nonlinear equation:
• (i) When
V = A(x, y, t) [A(−x, y, t)]∗ , (2)
namely the potential V satisfies the partial PT symmetry requirement, then the equa-
tion given by (1) and (2) is a partially PT symmetric DS equation [19,20] with respect
to x, which is called x-nonlocal DS eqation. The case γ2 = 1 is called the x-nonlocal
DSI eqation, while γ2 = −1 is the x-nonlocal DSII equation.
• (ii) When
V = A(x, y, t) [A(−x,−y, t)]∗ , (3)
thus the potential V satisfies the fully PT symmetry requirement. In this case, equation
given by (1) and (3) is a fully PT symmetric DS equation, which is denoted by the
nonlocal DS equation [19, 20]. In the case γ2 = 1, this system defined in (1) and (3)
is called the nonlocal DSI equation, whereas in the case γ2 = −1, the nonlocal DSII
equation.
These nonlocal DS equations are natural two-dimensional extensions of the nonlocal nonlinear
Schro¨dinger (NLS) equation proposed by Ablowitz and Musslimani [21]. Note that two types
of rogue wave solutions for the nonlocal DSI equation were obtained formally in [22], and
Darboux transformations and global explicit solutions for the x-nonlocal DSI equation were
given in [23]. Besides, a lot of work were done after that for these equations and other nonlocal
equations [19,20,23–35].
Motivated by the physical importance of partially and fully PT -symmetry systems in the
multi-dimension space [12–18], we investigate above two types of the nonlocal DS equations.
In this work, we focus on following aspects:
• (i) What type of solutions exist for the partially and fully PT symmetric nonlocal DS
equations respectively.
• (ii) The difference between the solutions of the partially and fully PT symmetric non-
local DS equations.
The outline of the paper is organized as follows: In section 2, several kinds of solutions for the
partially PT symmetric nonlocal DS equations, namely breathers, lumps and mixed solutions
consisting of lumps, breathers and periodic line waves are derived by the bilinear method and
a long wave limit, their typical dynamics are analyzed and illustrated. In section 3, rogue wave
solutions and semi-rational solutions composed of rogue waves and periodic line waves of the
fully PT symmetric nonlocal DSII equation are derived and demonstrated. In section 4, the
difference between the solutions of partially PT symmetric nonlocal DS equations and fully PT
symmetric nonlocal DSII equation are listed, and further discussion are given.
2. Solutions of the x-nonlocal DS equations
In this section, we focus on solutions of the x-nonlocal DS equations defined in (1) and (2) by
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employing the bilinear method. The x-nonlocal DS equations is translated into the following
bilinear form :
(D2x + γ
2D2y − iDt)g · f = 0,
(D2x − γ2D2y)f · f = 2f 2 − 2gg∗(−x, y, t),
(4)
through the variable transformation
A =
√
2
g
f
,Q = − 2(logf)xx. (5)
Here f , g defined in (4) are functions with respect to three variables x , y and t, and function
f satisfies the condition
[f(−x, y, t)]∗ = f(x, y, t) , (6)
and the operator D is the Hirota’s bilinear differential operator [36] defined by
P (Dx, Dy, Dt, )F (x, y, t · ··) ·G(x, y, t, · · ·)
=P (∂x − ∂x′ , ∂y − ∂y′ , ∂t − ∂t′ , · · ·)F (x, y, t, · · ·)G(x
′
, y
′
, t
′
, · · ·)|x′=x,y′=y,t′=t,
where P is a polynomial of Dx,Dy,Dt, · · ·.
2.1. Solitons, breathers of the x-nonlocal DS equations.
By the Hirota’s bilinear method with the perturbation expansion [36], and set f and g be
the forms of
f =
∑
µ=0,1
exp(
(N)∑
k<j
µkµjAkj +
N∑
k=1
µkηk),
g =
∑
µ=0,1
exp(
(N)∑
i<j
µkµjAkj +
N∑
k=1
µk(ηk + iφk)),
(7)
then (5) produces the N -soliton solutions of the x-nonlocal DS equations. Here
ηj = iPj x+Qj y + Ωjt+ η
0
j ,
Ωj =
√
−1− 4
P 2j + γ
2Q2j
(P 2j − γ2Q2j) ,
exp(Ajk) =
(Pj − Pk)2 + γ2(Qj −Qk)2 + 2− 2 cos(φj − φk)
(Pj + Pk)2 + γ2(Qj +Qk)2 + 2− 2 cos(φj + φk) ,
cos(φj) = 1 +
P 2j + γ
2Q2j
2
, sin(φj) = −
(P 2j + γ
2Q2j)
√
−1− 4
P 2j +γ
2Q2i
2
,
(8)
and Pj , Qj are freely real parameters, and η
0
k is an arbitrary complex constant. The natation∑
µ=0 indicates summation over all possible combinations of µ1 = 0, 1 , µ2 = 0, 1 , ..., µN = 0, 1;
the
∑N
j<k summation is over all possible combinations of the N elements with the specific
condition j < k.
Here, it should be emphasized that the constraint −1− 4
P 2k+γ
2Q2k
> 0 must be hold for Ωk to
be real and | sin(φk)| < 1, hereafter we set  = −1 when γ2 = 1 in this paper. In particular,
when Qj = 0, the corresponding solutions are periodic line waves, which are periodic in x
direction and localized in y direction on the (x, y)-plane. Although these soliton solutions
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also have singularities as soliton solutions of the nonlocal NLS equation [21], but general n-
breather solutions for the x-nonlocal DS equations can be generated by the following parameter
constraints
N = 2n , Pn+j = −Pj , Qn+j = Qj , η0n+j = η0
∗
j . (9)
Next, we consider the one-breather solutions. For simplicity, we set n = 1 , P1 = −P2 =
P ,Q1 = Q2 = Q0 , η
0
1 = η
0
2 = η
0, where P ,Q0 , η
0 are real. The one breather can also be
expressed in terms of hyperbolic and trigonometric functions as
A =
√
2
g1
f1
, Q = − 2(logf1)xx, (10)
where
f1 =
√
M cosh Θ + cos(P x) ,
g1 =
√
M [cos2 φ cosh Θ + sin2 φ sinh Θ + i cosφ sinφ(cosh Θ− sinh Θ)]
+ cos(P x)(cosφ+ i sinφ) ,
(11)
M ,Θ , φ and η0 are defined by
M = − 4P
2
(γ2Q20 + P
2)2 + 4P 2
, exp(η0) =
√
M exp(η0),
exp(iφ) =
1
2
(P 2 + γ2Q20 + 2) +
1
2
i
√
−1− 4
P 2 + γ2Q20
(P 2 + γ2Q20) ,
Θ = −(Q0y +
√
−1− 4
P 2 +Q20
(P 2 − γ2Q20)t+ η0).
The period of |A| is 2pi
P
along the x direction on the (x, y)-plane. The dynamical profiles of
three types of breathers are illustrated in Fig.1. The high-order breathers can also be generated
from (7) under parameter constrains (9), which still keep periodic in x direction and localized
in y direction.
(a) (b) (c)
Figure 1. Three types of one-breather solution |A| of the x-nonlocal DSI
equation given by (10) at time t = 0 in the (x, y)-plane with parameters
γ2 = 1,  = −1: (a) P = 2
3
, Q0 =
1
4
, η0 = 0 , (b) P = 2
3
, Q0 =
1
2
, η0 = 0 ,
(c)P = 1
4
, Q0 =
1
2
, η0 = 0.
In addition to breather solutions, a family of analytical solutions consisting of breathers and
periodic line waves for the x-nonlocal DS equations can also be generated by taking
N = 2n+ 1 , Pn+j = −Pj , Qn+j = Qj , η0n+j = η0
∗
j , Q2n+1 = 0 (12)
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in (7). This subclass of hybrid solutions describes n-breathers on a background of periodic line
waves, the period of those line waves is 2pi
P2n+1
along x direction. For example, with parameter
choices
N = 3 , P1 = −P2 = P0 , Q1 = Q2 = Q′0 , η01 = η0
∗
2 = 0 , η03 =
pi
3
, Q3 = 0, (13)
the corresponding solutions consisting of a breather and periodic line waves is shown in Fig.
2. It is seen that both of the breather and periodic line waves are periodic in x direction and
localized in y direction, and the periodic of these line waves is 2pi
P3
.
(a) (b) (c)
Figure 2. Hybrid solutions |A| of the x-nonlocal DSI equation composed of one
breather and periodic line waves at time t = 0 with parameters γ2 = 1,  = −1:
(a) P0 =
1
12
, Q
′
0 =
1
20
, P3 =
1
5
; (b) P0 =
1
2
, Q
′
0 =
1
2
, P3 =
1
4
; (c) P0 =
1
6
, Q
′
0 =
1
6
, P3 =
1
4
.
2.2. Rational solutions of the x-nonlocal DS equations.
Now, we are in a position to construct rational solutions of the x-nonlocal DS equations.
Following earlier works in the literatures [37, 38], a family of rational solutions can typically
be generated by taking a long wave limits of the obtained N-soliton solution (7). Indeed, with
parameter choices
Qj = λjPj , η
0
j = i pi (1 ≤ j ≤ N) (14)
in (7), and taking the limit as Pj → 0, then exponential functions f and g are translated
into pure rational functions. Thus rational solutions of the x-nonlocal DS equations can be
presented in the following Theorem.
Theorem 1. The x-nonlocal DS equations given by (1) and (2) have Nth−order rational
solutions
A =
√
2
gN
fN
, Q = − 2(logfN)xx, (15)
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where
fN =
N∏
j=1
θj +
1
2
N∑
j,k
αjk
N∏
l 6=j,k
θl + · · ·
+
1
M !2M
N∑
j,k,...,m,n
M︷ ︸︸ ︷
αjkαsl · · ·αmn
N∏
p 6=j,k,...m,n
θp + · · · ,
gN =
N∏
j=1
(θj + bj) +
1
2
N∑
j,k
αjk
N∏
l 6=j,k
(θl + bl) + · · ·
+
1
M !2M
N∑
j,k,...,m,n
M︷ ︸︸ ︷
αjkαsl · · ·αmn
N∏
p 6=j,k,...m,n
(θp + bp) + · · · ,
(16)
with
θj =ix+ λjy + 2δj
√
− 
γ2λ2j + 1
(−γ2λ2j + 1)t,
bj =−
iδj(γ
2λ2j + 1)

√
− 
γ2λ2j + 1
,
ajk =
(γ2λ2j + 1)(γ
2λ2k + 1)
2δjδk
√
− 
γ2λ2j+1
√
− 
γ2λ2k+1
(γ2λ2j + 1)(γ
2λ2k + 1) + 2(1 + γ
2λjλk)
,
(17)
the two positive integers j and k are not large than N , λj , λk are arbitrary real constants, and
δj , δk = ±1. The first four of (16) are written as
f1 =θ1 ,
f2 =θ1 θ2 + a12 ,
f3 =θ1θ2θ3 + a12θ3 + a13θ2 + a23θ1 ,
f4 =θ1θ2θ3θ4 + a12θ3θ4 + a13θ2θ4 + a14θ2θ3 + a23θ1θ4 + a24θ1θ3
+ a34θ1θ2 + a12a34 + a13a24 + a14a23 ,
g1 =θ1 + b1 ,
g2 =(θ1 + b1) (θ2 + b2) + a12 ,
g3 =(θ1 + b1)(θ2 + b2)(θ3 + b3) + a12(θ3 + b3) + a13(θ2 + b2) + a23(θ1 + b1) ,
g4 =(θ1 + b1)(θ2 + b2)(θ3 + b3)(θ4 + b4) + a12(θ3 + b3)(θ4 + b4) + a13(θ2
+ b2)(θ4 + b4) + a14(θ2 + b2)(θ3 + b3) + a23(θ1 + b1)(θ4 + b4) + a24(θ1
+ b1)(θ3 + b3) + a34(θ1 + b1)(θ2 + b2) + a12a34 + a13a24 + a14a23 .
(18)
In what follows the above formulae for f and g will be used in order to construct explicit form
of rational solutions.
Remark 1. The constraint − 
γ2λ2j+1
> 0 must hold for
√
− 
γ2λ2j+1
to be real, hereafter we set
 = −1 when γ2 = 1 in this paper. When N = 2n, λn+j = −λj 6= 0 , δn+jδj = −1, these rational
solutions are nonsingular, which can be proved by a similar way in Ref. [38], thus we omit its
proof in this paper.
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To generate smooth rational solutions for the x-nonlocal DS equations defined in (1) and (2),
hereafter we take parameter constraints in (16)
N = 2n , λj = −λn+j , δjδn+j = −1 (1 ≤ j ≤ n). (19)
To demonstrate these nonsingular rational solutions, we first consider the case of N = 2 , λ1 =
−λ2 , δ1δ2 = −1. For simplicity, taking λ1 = −λ2 = λ in (16), then corresponding solutions can
be rewritten as
A(x, y, t) =
√
2
(θ1 + b1)(θ2 + b2) + a12
θ1θ2 + a12
=
√
2[1 +
2i
√
−γ2λ2+1

(λ y + 2
√
− 
γ2λ2+1
(−γ2λ2 + 1)t) + γ2λ2+1

x2 + (λ y + 2
√
− 
γ2λ2+1
(−γ2λ2)t)2 − (γ2λ2+1)2
4
] ,
Q(x, y, t) = − 2(log(θ1θ2 + a12))xx
= +
4(λ y + 2
√
− 
γ2λ2+1
(1− γ2λ2)t)2 − 4x2 − (γ2λ2+1)2

[x2 + (λ y + 2
√
− 
γ2λ2+1
(1− γ2λ2)t)2 − (γ2λ2+1)2
4
]2
.
(20)
It is easy to find that solutions A and Q given by (20) are nonsingular when  = −1, γ2λ2+1 > 0.
In this situation, A and Q are constant along the trajectory where
x = 0 , λ y + 2
√
− 
γ2λ2 + 1
(−γ2λ2 + 1)t = 0.
Besides, at any fixed time, (A,Q) → (√2,−1) when (x, y) goes to infinity. Thus this solution
is nothing else but a localized lump moving on the constant background in the (x, y)-plane.
After a shift of t, patterns of lump solutions do not change, thus we can discuss the different
patterns of lump solutions at time t = 0 without loss of generality. In the case of γ2 = 1,
namely in the x-nonlocal DSI equation, the solution |A| has critical points
A1 = (x1, y1) = (0, 0),
A2 = (x2, y2) = (
1
2
√−λ4 + 2λ2 + 3, 0) ,
A3 = (x3, y3) = (−12
√−λ4 + 2λ2 + 3, 0) ,
A4 = (x4, y4) = (0,
√
3λ4+2λ2−1
2λ
) ,
A5 = (x5, y5) = (0,−
√
3λ4+2λ2−1
2λ
) .
Based on the analysis of these critical points for rational solutions (20), lump solutions for the
x-nonlocal DSI equation can be classified into three patterns:
(a) Bright lump: when 0 < λ2 ≤ 1
3
, |A| has one global maximum point (point A1) and two
global minimum points (point A2 and point A3), see Fig. 3(a) .
(b) Four-petaled lump: when 1
3
< λ2 < 3, |A| has two global maximum points point (A4 and
point A5), and two global minimum points point (A2 and point A3), see Fig. 3(b).
(c) Dark lump: when λ2 ≥ 3, |A| has two global maximum points (point A4 and point A5),
and one global minimum point (point A1), see Fig. 3(c).
However, in the case of γ2 = −1, 0 < λ2 < 1, i.e., in the x-nonlocal DSII equation, the
solution |A| has one global maximum point (point (0, 0)) and two global minimum points (point
(0, 3λ
4−2λ2−1
2λ
) and point (0,−3λ4−2λ2−1
2λ
), thus there are only bright lumps in the x-nonlocal DSII
equation. That is a difference between fundamental lumps of the x-nonlocal DSI equation and
x-nonlocal DSII equation.
7
(a) (b) (c)
Figure 3. Three kinds of first-order lump |A| of the x-nonlocal DSI equation
defined in (20) at time t = 0 with parameters  = −1, γ2 = 1: (a) A bright lump
with parameters λ = 1
2
, (b) A four-petaled lump with parameters λ = 1 , (c) A
dark lump with parameters λ = 2 .
More generally, this classification for first-order lumps is also suitable for high-order lump
solutions in the x-nonlocal DS equations. For larger N = 2n (n ≥ 2) and other parameters meet
the parameter constraints defined in (19), higher-order lumps can be derived, which describe
the interaction of n individual fundamental lumps. For instance, taking
N = 4 , λ1 = −λ3 , λ2 = −λ4 , δ1δ3 = −1 , δ2δ4 = −1, (21)
the second-order lump solutions can be obtained from (15), which is
A =
√
2
g4
f4
, Q = − 2(logf4)xx. (22)
Here, any patterns of first-order lumps could coexist with any patterns of first-order lumps, thus
there are six patterns of second-order lumps, see Fig. 4. As interactions between rogue waves
in (1 + 1) dimension, interactions between lumps can also generated interesting localized waves
patterns. These patterns of localized waves have also been shown in three-component NLS
equation [39]. To the best of authors’ knowledge, these localized waves have not been shown
in any nonlocal systems with the self-induced PT -symmetric potential before. For larger N ,
higher-order lumps can be derived. They have qualitatively similar behaviours, but more lumps
interact with each other, and more complicated localized wave patterns could be generated.
Note that fundamental lumps in the x-nonlocal DS equations and fundamental rogue waves
in some (2 + 1) dimensional systems may share the same wave structure [40–43], i.e., one upper
peak and two down peaks. However, they are different in high-order cases: the nth-order lumps
in the x-nonlocal DS equations are composed of n fundamental lumps, while the nth-order rogue
waves in some (2 + 1) dimensional systems are composed of n(n+1)
2
fundamental rogue waves.
That is a visual difference between rogue waves and lumps in (2 + 1) dimensional systems.
2.3. Semi-rational solutions of the x-nonlocal DS equations.
To understand the solution behaviors of these newly-proposed x-nonlocal DS equations de-
fined by (1) and (2), we consider semi-rational solutions for the x-nonlocal DS equations. By
taking a long wave limit of a part of exponential functions in f and g given by (7), a family of
semi-rational solutions consisting of breathers, lumps and periodic line waves, can typically be
generated. Indeed, taking parameters in (7)
Qk = λkPk , η
0
k = ipi , 0 < 2j < N , 1 ≤ k ≤ 2j (23)
8
(a) (b) (c)
(d) (e) (f)
Figure 4. (Color online) The second-order lumps |A| of the x-nonlocal DSI
equation given by (22) at time t = 5 and parameters γ2 = 1,  = −1. (a)
The coexistence of two bright lumps with parameters λ1 =
1
2
, λ2 = −12 , λ3 =
−1
2
, λ4 =
1
2
. (b) The coexistence of two four-petaled lumps with parameters
λ1 =
4
3
, λ2 = −43 , λ3 = −43 , λ4 = 43 . (c) The coexistence of two dark lumps with
parameters λ1 = 2 , λ2 = −2 , λ3 = −2 , λ4 = 2 . (d) The coexistence of a bright
lump and a dark lump with parameters λ1 =
1
2
, λ2 = −12 , λ3 = −2 , λ4 = 2 .
(e) The coexistence of a bright lump and a four-petaled lump with parameters
λ1 =
1
2
, λ2 = −12 , λ3 = −23 , λ4 = 23 . (f) The coexistence of a dark lump and a
four-petaled lump with parameters λ1 = 2 , λ2 = −2 , λ3 = −23 , λ4 = 23 .
and a suitable limit as Pk → 0 for all k, then the functions f and g defined in (7) become
combinations of polynomial and exponential functions, which generate semi-rational solutions
A and Q for the x-nonlocal DS equations. Furthermore, taking parameter constraints
λk = −λj+k , δkδj+k = −1 , Qs = 0 (2j + 1 ≤ s ≤ N) , (24)
the corresponding semi-rational solutions are a hybrid of lumps, breathers and periodic line
waves. Next, we mainly consider the following three types of semi-rational solutions for the
x-nonlocal DS equations:
Type 1: A hybrid of lumps and periodic line waves
To demonstrate semi-rational solutions composed of lumps and periodic line waves, we first
consider the simplest semi-rational solutions generated from 3-soliton solutions. Taking param-
eters choices in (7)
N = 3 , Q1 = λ1P1 , Q2 = λ2P2 , η
0
1 = η
0
2 = i pi ,Q3 = 0, (25)
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and P1 , P2 → 0, then functions f and g of solutions can be rewritten as
f =(θ1θ2 + a12) + (θ1θ2 + a12 + a13θ2 + a23θ1 + a12a23)e
η3 ,
g =[(θ1 + b1)(θ2 + b2) + a12] + [(θ1 + b1)(θ2 + b2) + a12 + a13(θ2 + b2)
+ a23(θ1 + b1) + a12a23]e
η3+iφ3 ,
(26)
where
as3 =
P3(γ
2λ2s + 1)
P3δs
√
− 
γ2λ2s+1
√
−P 23+4
P 23
(γ2λ2s + 1) + 2
( s = 1, 2 ) ,
and a12 , bs , φs, η3 are given by (17) and (8). Here the constrain −P3+4P 23 > 0 has to hold for√
−P3+4
P 23
to be real. Further, taking
λ1 = −λ2 = λ0 , δ1δ2 = −1 , (27)
then the semi-rational solutions composed of a lump and periodic line waves are derived, see
Fig.5. As can be seen, these periodic line waves can coexist with any patterns of lumps, and
they keep periodic in x direction and localized in y direction and the period is 2pi
P3
. An interesting
phenomenon is that, the interaction between the lump and periodic line waves can generated
much higher peaks. Comparing to these first-order lumps shown in Fig. 3 (a) and Fig.5 (a),
which are constructed by same parameters, but the maximum amplitude of the lump in Fig
5 (a) can reach 5
√
2, while the maximum amplitude of the lump in Fig 3(a) does not exceed
3
√
2 (see Fig. 3(a) and Fig. 5 (a)). Thus energy transfer between the first-order lump and
periodic line waves has occurred. Similar researches about localized waves on a background of
periodic line waves for the NLS equation have been reported in Ref. [44], which demonstrate
rogue waves on a cnoidal background.
(a) (b) (c)
Figure 5. Semi-rational solutions constituting of a lump and periodic line waves
for the x-nonlocal DSI equation with parameters t = 0, γ2 = 1,  = −1: (a) A
bright lump and periodic line waves with parameters λ0 =
1
2
, P3 =
1
4
, η03 =
pi
6
.
(b) A four-petaled lump and periodic line waves with parameters λ0 = 1 , P3 =
1
6
, η03 =
pi
6
. (c) A dark lump and periodic line waves with parameters λ0 =
2 , P3 = 2 , η
0
3 =
pi
6
.
Higher-order semi-rational rational solutions composed of more lumps and periodic line waves
can also be generated by a similar way for larger N in (7). For example, a hybrid of two lumps
and periodic line waves can be derived from 5-soliton. By setting
N = 5 , Qj = λjPj , η
0
j = i pi ,Q5 = 0 (j = 1, 2, 3, 4) , (28)
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and taking Pj → 0 in (7), then functions f and g of solutions can be rewritten as
f =(θ1θ2θ3θ4 + a12θ3θ4 + a13θ2θ4 + a14θ2θ3 + a23θ1θ4 + a24θ1θ3 + a34θ1θ2 + a12a34+
a13a24 + a14a23) + e
η5 [θ1 θ2 θ3 θ4 + a45 θ1 θ2 θ3 + a35 θ1 θ2 θ4 + a25 θ1 θ3 θ4 + a15θ2 θ3 θ4+
(a35a45 + a34)θ1 θ2 + (a25a45 + a24) θ1 θ3 + (a25a35 + a23) θ1 θ4 + (a15a45 + a14) θ2 θ3
+ (a15a35 + a13) θ2 θ4 + (a15a25 + a12)θ3 θ4 + (a25a35 a45 + a23a45 + a25a34 + a24a35) θ1
+ (a15a35a45 + a14a35 + a13a45 + a15a34) θ2 + (a15a25a45 + a14a25 + a15a24 + a12a45) θ3
+ (a15a25a35 + a15a23 + a13a25 + a12a35) θ4 + a12a34 + a13 a24 + a14a23 + a12 a35 a45+
a13a25a45 + a14a25a35 + a15a24a35 + a15a25a34 + a15a23a45 + a15a25a35a45] ,
g =[(θ1 + b1)(θ2 + b2)(θ3 + b3)(θ4 + b4) + a12(θ3 + b3)(θ4 + b4) + a13(θ2 + b2)(θ4 + b4)+
a14(θ2 + b2)(θ3 + b3) + a23(θ1 + b1)(θ4 + b4) + a24(θ1 + b1)(θ3 + b3) + a34(θ1 + b1)(θ2
+ b2) + a12a34 + a13a24 + a14a23] + e
η5+iφ5 [(θ1 + b1)(θ2 + b2)(θ3 + b3)(θ4 + b4)+
a45 (θ1 + b1)(θ2 + b2)(θ3 + b3) + a35 (θ1 + b1)(θ2 + b2)(θ4 + b4) + a25 (θ1 + b1)(θ3+
b3)(θ4 + b4) + a15(θ2 + b2)(θ3 + b3)(θ4 + b4) + (a35a45 + a34)(θ1 + b1)(θ2 + b2)+
(a25a45 + a24) (θ1 + b1)(θ3 + b3) + (a25a35 + a23)(θ2 + b2)(θ4 + b4) + (a15a45 + a14)
(θ2 + b2)(θ3 + b3) + (a15a35 + a13) (θ2 + b2)(θ4 + b4) + (a15a25 + a12)(θ3 + b3)(θ4 + b4)
+ (a25a35 a45 + a23a45 + a25a34 + a24a35) (θ1 + b1) + (a15a35a45 + a14a35 + a13a45 + a15a34)
(θ2 + b2) + (a15a25a45 + a14a25 + a15a24 + a12a45) (θ3 + b3) + (a15a25a35 + a15a23 + a13a25
+ a12a35)(θ4 + b4) + a12(a34 + a35 a45) + a13( a24 + a25a45) + a14(a23 + a25a35)+
a15(a24a35 + a25a34 + a23a45 + a25a35a45)],
(29)
where
aj5 =
P5(γ
2λ2j + 1)
P5δj
√
− 
γ2λ2j+1
√
−P 25+4
P 25
(γ2λ2j + 1) + 2
,
and θj , bj , aij ( 1 ≤ i < j ≤ 4) are given by (17), η5 , φ5 are are given by (8). Under parameter
constraints
λ1 = −λ3 = λ01 , λ2 = −λ4 = λ02 , δ1δ3 = −1 , δ2δ4 = −1 , (30)
then a family of semi-rational solutions are generated, which describe two lumps on a back-
ground of periodic line waves. As discussed above, the combination of two fundamental lumps
exists six patterns (see Fig. 4), and these two lumps could also interact with periodic line
waves, thus the wave patterns of these semi-rational solutions could be more various. Four
kinds of localized waves for these semi-rational solutions are illustrated in Fig.6. In the view of
mathematics, the coexistence of one eye-shaped (i.e.,bright state ) wave and one four-petaled
wave were shown in Fig.1 of Ref. [45], but our results are more general. Because the coexis-
tence demonstrated in this paper does not only exist on a constant background but also on
a background with periodic line waves (see Fig. 4 and Fig. 6 (a)), while the former one just
exist on a constant background. The superposition of two bright lump, two four-petaled lump
or two dark lump on a periodic line waves background are shown in Fig. 6 (b), Fig. 6 (c), and
Fig. 6 (d) respectively. Interestingly, the superposition of two bright lumps on the periodic line
waves background generates a ring shaped wave pattern, see Fig. 6 (b).
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(a) (b)
(c) (d)
Figure 6. Semi-rational solutions constituting of two lumps and periodic line
waves for the x-nonlocal DSI equation with parameters γ2 = 1,  = −1, t = 0:
(a) A four-petaled lump, a bright lump and periodic line waves with parameters
λ01 =
4
5
, λ02 = −32 , P5 = 12 , η03 = pi6 . (b) Two bright lump and periodic line waves
with parameters λ01 =
1
12
, λ02 = − 112 , P5 = 2 , η03 = pi6 . (c) Two four-petaled lump
and periodic line waves with parameters λ01 =
5
4
, λ02 = −54 , P5 = 12 , η03 = pi6 . (d)
Two dark lump and periodic line waves with parameters λ01 = −2 , λ02 = 3 , P5 =
1
4
, η03 =
pi
6
.
Type 2: A hybrid of lumps and breathers
To construct a type of mixed solution consisting of one lump and one breather, we have to
take parameters in (7)
N = 4 , Q1 = λ1P1 , Q2 = λ2P2 , η
0
1 = η
0
2 = i pi , (31)
and take a limit as P1 , P2 → 0, then functions f and g of solutions can be rewritten as
f =eA34(a13a23 + a13a24 + a13θ2 + a14a23 + a14a24 + a14θ2 + a23θ1 + a24θ1 + θ1θ2
+ a12)e
η3+η4 + (a13a23 + a13θ2 + a23θ1 + θ1θ2 + a12)e
η3 + (a14a24 + a14θ2 + a24θ1
+ θ1θ2 + a12)e
η4 + θ1θ2 + a12 ,
g =eA34 [a13a23 + a13a24 + a13(θ2 + b2) + a14a23 + a14a24 + a14(θ2 + b2) + a23(θ1 + b1)
+ a24(θ1 + b1) + (θ1 + b1)(θ2 + b2) + a12]e
η3+iφ3+η4+iφ4 + [a13a23 + a13(θ2 + b2)
+ a23(θ1 + b1) + (θ1 + b1)(θ2 + b2) + a12]e
η3+iφ3 + [a14a24 + a14(θ2 + b2) + a24(θ1
+ b1) + (θ1 + b1)(θ2 + b2) + a12]e
η4+iφ4 + (θ1 + b1)(θ2 + b2) + a12,
(32)
where
asl =
Pl(γ
2λ2s + 1)
Plδs
√
− 
γ2λ2s+1
√
−P 2l +4
P 2l
(γ2λ2s + 1) + 2
( s = 1, 2 , l = 3, 4 ),
12
and a12 , bs , φl, ηl , e
A34 are given by (17) and (8). Further, taking parameters
λ1 = −λ2 , δ1δ2 = −1 , P3 = −P4 , Q3 = Q4 , η03 = η0∗4 , (33)
thus corresponding semi-rational solutions consisting of a fundamental lump and one breather
are obtained, see Fig.7. It is emphasized that, in order to make clear the combination of this
semi-rational solutions, we fix all the parameters except η03. By altering the value of η
0
3, the
location of the breather would be changed. When |η03| >> 0, the lump and breather would
separate completely, and the period and the amplitude of the breather are stable. When η03 → 0,
the breather get closer to the lump, and the breather possesses a higher amplitude and a smaller
period. After the lump immerses into the breather, the superimposition between the lump and
the breather would excite a peak whose height is larger than the maximum amplitudes of the
breather or the lump. Semi-rational solutions composed of multi-lumps and multi-breathers
can be generated by a similar way with larger N in (7).
(a) η03 = −2pi (b) η03 = −pi (c) η03 = 0 (d) η03 = pi (e) η03 = 32pi
Figure 7. Semi-rational solutions of the x-nonlocal DSII equation constituting
of one lump and one breather with parameters γ2 = −1,  = −1, λ1 = 12 , λ2 =
−1
3
, P3 = 1 , P4 = −1 , Q3 = 14 , Q4 = 14 . The plotted is |A| field. The constant
background value is
√
2.
Type 3: A hybrid of lumps, breathers and periodic line waves
Lastly but interestingly, we derive a type of semi-rational solutions composed of a lump, a
breather and periodic line waves for the x-nonlocal DS equations, which could be generated
from 5-soliton. Setting
N = 5 , Q1 = λ0P1 , Q2 = −λ0P2 , Q3 = Q4 , P4 = −P3 , η01 = ipi , η02 = ipi , (34)
and taking P1 , P2 → 0 in (7), then functions f and g are translated into a combination of
rational and exponential functions. The corresponding semi-rational solution is illustrated in
Fig. 8. As can be seen that this solution describes a fundamental lump coexistence with a
breather on a background of periodic line waves. Both of the breather and periodic line waves
are periodic in x direction and localized in y direction. As to the best of our knowledge, this
type of hybrid solutions has not been shown even in the usual DS equations before.
3. Solutions of the nonlocal DSII equation
Solutions of the fully PT symmetric nonlocal DSI equation, namely γ2 = 1 in (1) and (3)
were discussed in our earlier work [22], including line breathers, two types of rogue waves, and
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(a) (b)
Figure 8. Semi-rational solutions of the x-nonlocal DSII equation constituting
of a lump, a breather and periodic line waves with parameters γ2 = −1,  =
−1, λ0 = 12 , P3 = 1 , P4 = −1 , P5 = 2 , Q3 = 14 , Q4 = 14 , Q5 = 0 , η03 = 0 , η04 =
0 , η05 = 0. The right panel is a density plot of the left.
semi-rational solutions. Thus we mainly focus on solutions of the fully PT symmetric nonlocal
DSII equation, i.e., γ2 = −1 in (1) and (3) in this section. The nonlocal DSII equation defined
by (1) and (3) can be written in the following bilinear form:
(D2x −D2y − iDt)g˜ · f˜ = 0,
(D2x +D
2
y)f˜ · f˜ = 2f˜ 2 − 2g˜g˜∗(−x,−y, t),
(35)
where
A =
√
2
g˜
f˜
, Q = − (2logf˜)xx, (36)
and f˜ , g˜ are functions of the three variables x , y and t, and f satisfies the condition
[f˜(−x,−y, t)]∗ = f˜(x, y, t). (37)
To figure out the difference between solutions of the the partially and fully PT symmetric
nonlocal DS equations, we consider solutions of the fully PT symmetric nonlocal DSII equation
in the coming part of this paper.
3.1. The period and line breather solutions of the nonlocal DSII.
By the Hirota’s bilinear method with the perturbation expansion, the periodic line wave
solutions defined in (36) with functions f˜ and g˜ are given as
f˜ =
∑
µ=0,1
exp(
(N)∑
k<j
µkµjA˜kj +
N∑
k=1
µkη˜k),
g˜ =
∑
µ=0,1
exp(
(N)∑
k<j
µkµjA˜kj +
N∑
k=1
µk(η˜k + iφ˜k)),
(38)
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where
η˜k = iPk x+ iQk y + Ω˜kt+ η
0
k ,
Ω˜k = (P
2
k −Q2k)
√
−1− 4
P 2k +Q
2
k
,
exp(A˜kj) = −2 cos(φ˜k − φ˜j)− (Pk − Pj)
2 − (Qk −Qj)2 − 2
2 cos(φ˜k + φ˜j)− (Pk + Pj)2 − (Qk +Qj)2 − 2
,
cos(φ˜k) = 1 +
P 2k +Q
2
k
2
, sin(φ˜k) = −
(P 2k +Q
2
i )
√
−1− 4
P 2k+Q
2
k
2
.
(39)
Here, it is noted that the constraint −1 − 4
P 2k+Q
2
k
≥ 0 must be hold for Ω˜k to be real and
| sin(φ˜k)| ≤ 1. Specifically, when choosing |Pk| = |Qk| in (39), namely Ω˜k = 0, the corresponding
solutions are independent of t.
Similar to our works [22, 46] on other equations, a subclass of analytical solutions termed
nth-order line breathers (i.e., growing-and-decaying model [47] ) can be generated by taking
parameters in (38)
N = 2n , Pn+k = −Pk , Qn+k = −Qk , η0∗n+k = η0k , Ω˜k 6= 0, (40)
where n is an arbitrary positive integer. For example, when one takes parameters in (38)
 = −1, N = 2, P1 = −P2, Q1 = −Q2, η0∗1 = η02 , (41)
then a first-order line breather solution is obtained through (36), which is illustrated in Fig.9.
As can be seen that, the line breather solution has a parallel line profile with a varying height
in the (x, y)-plane. It describes periodic line waves arise from a constant background and then
disappear into the constant background again. A crucial and visual difference between the
first-order breather solution of the x-nonlocal DS equations and the nonlocal DSII is that the
latter is a usual (2 + 1)-dimensional breather (see Fig. 1), which is periodic in x direction and
localized in y direction. Furthermore, as fundamental line rogue waves [46, 48, 49] are treated
as a limit case of line breathers, the existence of line breathers indicates that line rogue waves
may exist in the nonlocal DSII equation given by (1) and (3). To make this point clear, we
proceed to derive rational solutions of this equation in the next subsection.
(a) t = −5 (b) t = −1 (c) t = 0 (d) t = 1 (e) t = 5
Figure 9. The time evolution of line breathers of the nonlocal DSII equation in
the (x, y)-plane with parameters  = −1, N = 2, P1 = 1, P2 = −1, Q1 = 12 , Q2 =
−1
2
, η01 = η
0
2 = 0.
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3.2. Rational solutions of the nonlocal DSII equation.
Similar to the results of the x-nonlocal DS equations expressed in section 2, rational solutions
of the nonlocal DSII equation can also be derived by taking a long wave limit of f˜ and g˜, and
which can also be given in the following theorem.
Theorem 2. The nonlocal DSII equation possesses two Nth−order rational solutions A and
Q given by (36) with the two following polynomials f˜ and g˜:
f˜ =
N∏
k=1
θ˜k +
1
2
(N)∑
k,j
α˜kj
N∏
l 6=k,j
θ˜l + · · ·
+
1
M !2M
(N)∑
k,j,...,m,n
M︷ ︸︸ ︷
α˜kjα˜sl · · · α˜mn
N∏
p 6=k,j,...m,n
θ˜p + · · · ,
g˜ =
N∏
k=1
(θ˜i + b˜i) +
1
2
(N)∑
k,j
α˜kj
N∏
l 6=k,j
(θ˜l + b˜l) + · · ·
+
1
M !2M
(N)∑
k,j,...,m,n
M︷ ︸︸ ︷
α˜kjα˜sl · · · α˜mn
N∏
p 6=k,j,...m,n
(θ˜p + b˜p) + · · · ,
(42)
with
θ˜j = i x+ i λjy + 2γj
√

λ2j + 1
(1− λ2j)t , b˜j = −
iγj(λ
2
j + 1)

√
− 
λ2j + 1
,
a˜kj =
(λ2k + 1)(λ
2
j + 1)
2γkγj
√
− 
λ2k+1
√
− 
λ2j+1
(λ2k + 1)(λ
2
j + 1) + 2(1 + λkλj)
,
(43)
and γj = −1 , 1.
Remark 2. The constraint − 
λ2j+1
> 0 must be hold for
√
− 
λ2j+1
to be real. Hereafter, we just
discuss the  = −1 case.
Remark 3. When N = 2n− 1 , λk 6= λj, the corresponding rational solutions are kink-shaped
line rogue waves. However, these solutions are singular at a certain finite time, thus we do not
analyze this subclass of singular rational solutions of the nonlocal DSII. Note that the nonlocal
DSI equation also has this kind of singular solutions [22].
Remark 4. Setting N = 2n , λn+k = λk , γkγn+k = −1 in (42), the corresponding rational
solutions are nonsingular, which are W -shaped line rogue waves. The nonsingularity can be
proved by a similar way as in Ref. [38], thus the proof is omitted.
Next, we proceed to analyze typical dynamics of rogue waves constructed through the poly-
nomials defined in (36) and (42). The fundamental rogue waves in nonlocal DSII equation can
be obtained by taking parameters in (42)
N = 2 , γ1γ2 = −1, , λ2 = λ1 = a ,  = −1. (44)
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Then, the final expression of fundamental rogue waves reads
A(x, y, t) =
√
2
(θ˜1 + b˜1)(θ˜2 + b˜2) + a˜12
θ˜1θ˜2 + a˜12
=
(θ˜1 + b˜1)(θ˜∗1 − b˜∗1) + a˜12
θ˜1θ˜∗1 + a˜12
=
√
2[1− 4i(a
2 + 1)t+ (a2 + 1)
(x+ ay)2 + 4 (1−a
2)2
1+a2
t2 + 1
4
(1 + a2)
] ,
Q(x, y, t) = − 2(log(θ˜1θ˜2 + a˜12))xx
= − 2(log(θ˜1θ˜∗1 + a˜12))xx
= −1 + 4(x+ ay)
2 − 16 (1−a2)2
1+a2
t2 − (1 + a2)
[(x+ ay)2 + 4 (1−a
2)2
1+a2
t2 + 1
4
(1 + a2)]2
,
(45)
where a is a freely real constant. This rational solution describes a line wave with the line
oriented in the (a,−1) direction of the (x, y)-plane. As the slop of the line wave is −a, which
means the orientation angle of the line wave can rang from 0◦ to 180◦. Thus the orientation
direction of line wave (45) is almost arbitrary. As shown in Fig. 10, when t → ±∞, this line
wave |A| uniformly goes to a constant background √2 in the (x, y)-plane. Interestingly, in this
process, the height of the line waves is varying. In a intermediate times, |A| rises to maximum
values 3
√
2 (i.e., three times the background amplitude) along the center ( x + ay = 0 ) of
the line wave at t = 0. Thus these line waves possess a typical characteristic of the rogue
wave: appearing from no where and disappearing without trace, hence they are line rogue
waves [48,49]. Note that when a = 0, the fundamental rogue waves defined in equation (45) are
independent of y, thus they reduce to the Peregrine rogue waves of the nonlocal NLS equation.
(a) t = −20 (b) t = −1 (c) t = 0 (d) t = 1 (e) t = 20
Figure 10. The time evolution of fundamental line rogue waves of the nonlocal
DSII given by (45) in the (x, y)-plane with parameter a = 2.
High-order rogue waves are constructed by selecting parameters in Theorem 2
N = 2n, λn+k = λk , γn+kγk = −1, (n ≥ 2, 1 ≤ k ≤ n). (46)
These solutions describe various senses of superimposition between n individual fundamental
line rogue waves. In the far field of the (x, y)-plane, N separated line rogue waves arise from
the constant background. Then they interact with each other, and generate interesting curvy
wave patterns. Finally, they disappear uniformly into the background again as t→ +∞.
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For instance, taking N = 4, λ1 = λ3, λ2 = λ4, γ1γ3 = −1, γ2γ4 = −1 in Theorem 2, the
corresponding rational solutions are second-order rogue waves, and the explicit forms of func-
tions f˜ and g˜ used to generate the second-order rogue wave solutions are given by the following
formulae:
f˜ =θ˜1θ˜2θ˜3θ˜4 + α˜12θ˜3θ˜4 + α˜13θ˜2θ˜4 + α˜14θ˜2θ˜3 + α˜23θ˜1θ˜4 + α˜24θ˜1θ˜3 + α˜34θ˜1θ˜2
+ α˜12α˜34 + α˜13α˜24 + α˜14α˜23,
g˜ =(θ˜1 + b˜1)(θ˜2 + b˜2)(θ˜3 + b˜3)(θ˜4 + b˜4) + α˜12(θ˜3 + b˜3)(θ˜4 + b˜4) + α˜13(θ˜2 + b˜2)(θ˜4 + b˜4)
+ α˜14(θ˜2 + b˜2)(θ˜3 + b˜3) + α˜23(θ˜1 + b˜1)(θ˜4 + b˜4) + α˜24(θ˜1 + b˜1)(θ˜3 + b˜3)
+ α˜34(θ˜1 + b˜1)(θ˜2 + b˜2) + α˜12α˜34 + α˜13α˜24 + α˜14α˜23,
(47)
where θ˜i , α˜ij and b˜i are given by (43). For particular of
 = −1 , λ1 = λ3 = 2 , λ2 = λ4 = −1
2
, γ1γ3 = −1 , γ2γ4 = −1 , (48)
the corresponding solution |A| is shown in Fig.11. It is shown that two crossed line rogue wave
arise from the constant background gradually in the (x, y)-plane. Visually, the region of the
intersection reaches higher amplitude (see t = −1 panel). However, these higher amplitudes
in the area where these two line rogue waves cross over each other fade quickly, and in the far
field these amplitudes become higher and higher (see t = 0 panel). At larger time, these two
line rogue waves start to immerse into the constant background uniformly, until they disappear
into the constant background finally (see t = 20 panel). It should be noted that these two line
rogue waves have never separated during the short period that rogue waves appear, which is
different from the second-order rogue waves in the usual DSI equation, as the curvy waves of
the later one are well separated at some moment (see t=0 panel of Fig.2 in Ref. [48]).
(a) t = −20 (b) t = −1 (c) t = 0 (d) t = 1 (e) t = 20
Figure 11. The time evolution of a second-order line rogue wave of the nonlocal
DSII equation in the (x, y)-plane with parameters given by (48).
Besides, when one takes parameters in (47)
 = −1 , λ1 = λ3 = 1 , λ2 = λ4 = −1 , γ1γ3 = −1 , γ2γ4 = −1 , (49)
the corresponding second-order nonsingular rational solution is independent of t.
3.3. Semi-rational solutions of the nonlocal DSII equation.
In this subsection, we take a long wave limit of the periodic solutions in (38) partially, and
keep the other part of them still in exponential functions, thus semi-rational solutions expressed
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in a combination of rational and exponential functions are generated through (36). These semi-
rational solutions demonstrate typical dynamics of rogue waves on a background of periodic
line waves. Indeed, setting 0 < 2j < N and 1 ≤ k ≤ 2j,
Qk = λkPk , η
0
k = ipi, (50)
and taking limit Pk → 0 for all k, then two functions f˜ and g˜ in (38) becomes a combination
of rational and exponential functions, which generate semi-rational solutions A and Q of the
nonlocal DSII equation through (36). Specifically, when one takes (P 2k − Q2k)
√
−1− 4
P 2k+Q
2
k
=
0, i.e., Ω˜k = 0 in (38), the exponential functions in semi-rational solutions are independent
of t, thus the periodic line waves maintain a perfect profile without any decay during their
propagation in the (x, y)-plane, which provides a significant periodic line waves background.
So the corresponding semi-rational solutions describe rogue waves on a background of periodic
line waves. To illustrate this unique dynamic of rogue wave phenomenon, we consider the
(a) t = −20 (b) t = −1 (c) t = 0 (d) t = 1 (e) t = 20
Figure 12. The time evolution of a second-order line rogue wave on a back-
ground of periodic line waves of the nonlocal DSII equation in the (x, y)-plane
with parameters given by (53).
second-order rogue wave on a background of periodic line waves. This requirement can be done
by taking
N = 5 , Qk = λkPk , η
0
k = ipi ( k = 1, 2, 3, 4 ) , Ω˜5 = 0, (51)
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and letting Pi → 0 in (38), then functions f˜ and g˜ become
f˜ =(θ˜1θ˜2θ˜3θ˜4 + a˜12θ˜3θ˜4 + a˜13θ˜2θ˜4 + a˜14θ˜2θ˜3 + a˜23θ˜1θ˜4 + a˜24θ˜1θ˜3 + a˜34θ˜1θ˜2 + a˜12a˜34+
a˜13a˜24 + a˜14a˜23) + e
η˜5 [θ˜1 θ˜2 θ˜3 θ˜4 + a˜45 θ˜1 θ˜2 θ˜3 + a˜35 θ˜1 θ˜2 θ˜4 + a˜25 θ˜1 θ˜3 θ˜4 + a˜15θ˜2 θ˜3 θ˜4+
(a˜35a˜45 + a˜34)θ˜1 θ˜2 + (a˜25a˜45 + a˜24) θ˜1 θ˜3 + (a˜25a˜35 + a˜23) θ˜1 θ˜4 + (a˜15a˜45 + a˜14) θ˜2 θ˜3
+ (a˜15a˜35 + a˜13) θ˜2 θ˜4 + (a˜15a˜25 + a˜12)θ˜3 θ˜4 + (a˜25a˜35 a˜45 + a˜23a˜45 + a˜25a˜34 + a˜24a˜35) θ˜1
+ (a˜15a˜35a˜45 + a˜14a˜35 + a˜13a˜45 + a˜15a˜34) θ˜2 + (a˜15a˜25a˜45 + a˜14a˜25 + a˜15a˜24 + a˜12a˜45) θ˜3
+ (a˜15a˜25a˜35 + a˜15a˜23 + a˜13a˜25 + a˜12a˜35) θ˜4 + a˜12a˜34 + a˜13 a˜24 + a˜14a˜23 + a˜12 a˜35 a˜45+
a˜13a˜25a˜45 + a˜14a˜25a˜35 + a˜15a˜24a˜35 + a˜15a˜25a˜34 + a˜15a˜23a˜45 + a˜15a˜25a˜35a˜45] ,
g =[(θ˜1 + b˜1)(θ˜2 + b˜2)(θ˜3 + b˜3)(θ˜4 + b˜4) + a˜12(θ˜3 + b˜3)(θ˜4 + b˜4) + a˜13(θ˜2 + b˜2)(θ˜4 + b˜4)+
a˜14(θ˜2 + b˜2)(θ˜3 + b˜3) + a˜23(θ˜1 + b˜1)(θ˜4 + b˜4) + a˜24(θ˜1 + b˜1)(θ˜3 + b˜3) + a˜34(θ˜1 + b˜1)(θ˜2
+ b˜2) + a˜12a˜34 + a˜13a˜24 + a˜14a˜23] + e
η˜5+iφ˜5 [(θ˜1 + b˜1)(θ˜2 + b˜2)(θ˜3 + b˜3)(θ˜4 + b˜4)+
a˜45 (θ˜1 + b˜1)(θ˜2 + b˜2)(θ˜3 + b˜3) + a˜35 (θ˜1 + b˜1)(θ˜2 + b˜2)(θ˜4 + b˜4) + a˜25 (θ˜1 + b˜1)(θ˜3+
b˜3)(θ˜4 + b˜4) + a˜15(θ˜2 + b˜2)(θ˜3 + b˜3)(θ˜4 + b˜4) + (a˜35a˜45 + a˜34)(θ˜1 + b˜1)(θ˜2 + b˜2)+
(a25a45 + a24) (θ1 + b1)(θ3 + b3) + (a25a35 + a23)(θ2 + b2)(θ4 + b4) + (a15a45 + a14)
(θ˜2 + b˜2)(θ˜3 + b˜3) + (a˜15a˜35 + a˜13) (θ˜2 + b˜2)(θ˜4 + b˜4) + (a˜15a˜25 + a˜12)(θ˜3 + b˜3)(θ˜4 + b˜4)
+ (a˜25a˜35 a˜45 + a˜23a˜45 + a˜25a˜34 + a˜24a˜35) (θ˜1 + b˜1) + (a˜15a˜35a˜45 + a˜14a˜35 + a˜13a˜45 + a˜15a˜34)
(θ˜2 + b˜2) + (a˜15a˜25a˜45 + a˜14a˜25 + a˜15a˜24 + a˜12a˜45) (θ˜3+˜b3) + (a˜15a˜25a˜35 + a˜15a˜23 + a˜13a˜25
+ a˜12a˜35)(θ˜4 + b˜4) + a˜12(a˜34 + a˜35 a˜45) + a˜13( a˜24 + a˜25a˜45) + a˜14(a˜23 + a˜25a˜35)+
a˜15(a˜24a˜35 + a˜25a˜34 + a˜23a˜45 + a˜25a˜35a˜45)].
(52)
Here θ˜j , b˜j , η˜j , a˜kj ( 1 ≤ k < j ≤ 4) are given by (42), η˜5 , φ˜5 are given by (39), and
a˜k5 =
(λ2k + 1)(P
2
5 +Q
2
5)√
− P 25+Q25−4
(λ2k+1)(P
2
5+Q
2
5)
(λ2k + 1)(P
2
5 +Q
2
5)− 2(λkQ5 + P5)
.
This solution for parameter choices
λ1 = λ3 = 4 , λ2 = λ4 =
3
2
, γ1γ3 = −1 , γ2γ4 = −1 , P5 = 1 , Q5 = 1 , η05 =
pi
3
(53)
is shown in Fig.12. As can be seen, the corresponding solution describes a second-order line
rogue wave on a background of periodic line waves. When t → ±∞, line waves approach to
the background of periodic line waves (see t = ±20 panel). In the intermediate time, two fun-
damental line rogue waves arise from the periodic line waves, and interact with these periodic
line waves, the region of their intersection acquires higher amplitude (see t = 0 panel). Inter-
estingly, these two fundamental line rogue waves in the second-order rogue wave are separated
remarkably. That is different from the second-order rogue waves shown in Fig. 11, which are
never separated in whole evolution even at intermediate time (see the panel at t = 0 of Fig.11).
Specifically, the maximum amplitudes of this second-order rogue wave does not exceed 5
√
2 for
all time, thus rogue waves on a background of periodic line waves do not generate high peaks.
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As to best of the authors’ knowledge, these unique dynamics of rogue wave on a background
with periodic line waves have not been shown in the nonlocal DSII equation before, even in the
usual DSII equation. Note that, for particular case of
λ1 = λ3 = 1 , λ2 = λ4 = −1 , γ1γ3 = −1 , γ2γ4 = −1 , P5 = Q5 (54)
in (52), the corresponding solutions A and Q are independent of t.
4. Summary and discussion
In summary, we have derived N -soliton solutions and periodic line wave solutions for the x-
nonlocal DS equations and the nonlocal DSII equation respectively by employing the Hirota’s
bilinear method. Under suitable selections of parameters, usual breathers and line breathers
for these two types of nonlocal DS equations are generated respectively. Taking a long wave
limit of soliton solutions and periodic line wave solutions under special parameter constraints,
nonsingular rational and semi-rational solutions for these two equation are given explicitly.
For the x-nonlocal DS equations, the nonsingular rational solutions are lumps, and the semi-
rational solutions are a hybrid of lumps, usual breathers and periodic line waves. However, for
the nonlocal DSII equation, the nonsingular rational solutions are line rogue waves, and the
semi-rational solutions are a mixture of line rogue waves and periodic line waves.
By comparing solutions of the x-nonlocal DS equations and the nonlocal DSII equation in
detail, the main differences can be summarized in following items:
• Breather solution. The x-nonlocal DS equations have usual breathers which are periodic
in x direction and localized in y direction, see Fig.1. The nonlocal DSII equation has
line breathers which are periodic line waves and periodic in both x and y directions.
Another great difference is that the line breathers just exist for a short period (see
Fig.9), while the usual breathers are not disappeared.
• Nonsingular rational solution. The simplest (fundamental) nonsingular rational solu-
tions are lumps in the x-nonlocal DS equations (see Fig.3), and the high-order nonsin-
gular rational solutions are composed of several fundamental lumps, see Fig.4. However,
for the nonlocal DSII equation, the nonsingular rational solutions are line rogue waves,
see Fig. 10 and Fig.11.
• Semi-rational solutions. The semi-rational solutions of the x-nonlocal DS equations
describe the interaction of lumps, breathers and periodic line waves, see Figs.5,6,7,8. On
the other hand, the semi-rational solutions of the nonlocal DSII equation are composed
of line rogue waves and periodic line wave, see Fig.12.
These featured properties of the x-nonlocal and nonlocal DS equations show that the partially
PT and fully PT systems deserve to be more explored and to be better understood in the
future.
As discussed in [12–18], both of partially PT symmetric potentials and PT symmetric po-
tentials in multi-dimensions have an important role in optics, our results may have interesting
applications in optics. Moreover, it is interesting to reduce the above solutions to other (1+1)-
dimensional nonlocal equations, besides the nonlocal NLS equation. Finally, it is worthy to
emphasize that the technique presented in this paper may also succeed to other nonlinear sys-
tems with different kinds of fully or partially PT symmetric potentials, or reverse space-time
nonlocal equations [19,20]. The related results will be reported elsewhere later.
21
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